Abstract. In this paper, we study a conjecture of J.Serrin and give a partial generalized result of the work of de Figueiredo and Felmer about Liouville type Theorem for non-negative solutions for an elliptic system. We use a new type of moving plane method introduced by Chen-Li-Ou. Our new ingredient is the use of Stein-Weiss inequality.
1.
Introduction. In this note, we study the nonnegative solutions of the system of integral equations in R
with n ≥ 2, 0 < µ < n, and 1 < p, q ≤ (n + µ)/(n − µ) but not both equal to (n + µ)/(n − µ). This integral system is closely related to the following system of differential equations in R
In fact, every positive smooth solution of PDE (2) multiplied by a constant satisfies (1) . This can be easily verified as in the proof of Theorem 4.1 in [2] . Here, in (2), we have used the following definition:
where ∧ is the Fourier transformation and ∨ its inverse. 
has no bounded positive solutions. It is known that outside this hyperbola, (2) has positive solutions. We believe that the critical hyperbola in the conjecture is closely related to the famous Hardy-Littlewood-Sobolev inequality [10] and its generalization. For more results about elliptic systems, one may look at the survey paper of de Figueredo [7] .
LI MA AND DEZHONG CHEN
In this work, we give a partial answer to this conjecture. Our result below can also be considered as a generalization of the work of de Figueiredo and Felmer [8] about Liouville type Theorem. Theorem 1. Let the pair (u, v) be a nonnegative solution of (1) and
. Then both u and v are trivial.
In the proof of Theorem 1, we only treat the case when n n−µ < p, q < n+µ n−µ since the remaining cases can be handled in the same way. We shall use Chen-Li-Ou's method [3] [4] to prove this theorem. Our new ingredient is the use of Stein-Weiss inequality.
In the following, we shall use C to denote different constants which depend only on n, p, q, µ, and the solutions u and v in varying places.
2. Proof of Theorem 1. First, let us introduce the Kelvin type transform of u and v as follows
for any x = 0. Then by elementary calculations, one can see that (1) and (2) are transformed into the following forms:
and
where r = (n + µ) − (n − µ)p > 0 and s = (n + µ) − (n − µ)q > 0. Obviously, both of u(x) and v(x) have singularities at origin. Since u is locally L α and v is locally L β , it is easy to see that u(x) and v(x) have no singularity at infinity, i.e., for any domain Ω that is a positive distance away from the origin,
For a given real number λ, define
Then it is easy to see that
Here we have used the fact that |x − y λ | = |x λ − y|. Substituting x by x λ , we get
This implies (6) . Similarly, we can get (7). So we are done.
We shall need the following doubly weighted Hardy-Littlewood-Sobolev inequality of Stein and Weiss (see, for example, [10] )
with
Proof of Theorem 1.
Outline: Let x 1 and x 2 be any two points in R n . We shall show that
and therefore u and v bust be constants. This is impossible unless u = v = 0. To obtain this, we show that u and v are symmetric about the midpoint (x 1 + x 2 )/2. Since the integral equations are invariant under translations, we may assume that the midpoint is at the origin. Let u and v be the Kelvin type transformations of u and v respectively. Then what left to prove is that u and v are symmetric about the origin. We shall carry this out in the following three steps.
Step 
It follows first from inequality (8) and then the Holder inequality that, for any a > n/(n − µ),
Similarly, one can show that
Combining (9) and (10), we arrive
By condition (5), we can choose N sufficiently large, such that for λ ≤ −N , we have Step 2. Now we have that for λ ≤ −N ,
Thus we can start moving the plane continuously from λ ≤ −N to the right as long as (12) holds. Suppose that at a λ 0 < 0, we have, on Σ λ0 ,
We shall show that the plane can be moved further to the right, i.e., there exists an depending on n, p, q, and the solution (u, v) such that (12) holds on Σ λ for all λ in [λ 0 , λ 0 + ).
In the case
by (6), we see that u(x) > u λ0 (x) in the interior of Σ λ0 . Let
Then it is easy to see that Σ u λ0 has measure zero, and lim λ→λ0 Σ u λ ⊂ Σ u λ0 . The same is true for that of v. Let D * be the reflection of the set D about the plane x 1 = λ. From (9) and (10), we deduce
Again condition (5) ensures that one can choose small enough, such that for all λ in [λ 0 , λ 0 + ),
Now by (13), we have u λ − u L a (Σ u λ ) = 0, and therefore Σ u λ must be empty. Similarly, Σ v λ must be empty, too.
Step 3. If the plane stops at x 1 = λ 0 for some λ 0 < 0, then u(x) and v(x) must be symmetric and monotone about the plane x 1 = λ 0 . This implies that u(x) and v(x) have no singularity at the origin. But equations (4) tells us that this is impossible if u(x) and v(x) are nontrivial. Hence we can move the plane to x 1 = 0. Then u(x) and v(x) must be symmetric about the origin. Then u = v = 0. This completes the proof.
